On Voiculescu's Semicircular Matrices 



Liming Ge and Junhao Shen 

Mathematics Department, University of New Hampshire, Durham, NH, 03824 
email: liming@math.unh.edu and jog2@cisunix.unh.edu 



Abstract: Assume Af is a von Neumann algebra of type Hi with a tracial state r/v, and Ai is the 
von Neumann algebra of the n x n matrices over Af with the canonical tracial state r M . Let V n 
be the subalgebra of Ai consisting of scalar diagonal matrices in Ai. In this article, we study 
the properties of semicircular elements in Ai that are free from V n with respect to tm. Then 
we define a new concept "matricial distance" of two elements in Ai and compute the matricial 
distance between two free semicircular elements in Ai. 
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1 Introduction 

The theory of free probability was developed by Voiculescu in early 80' s in the last century. In his 
influential paper [11], Voiculescu introduced concepts of semicircular and circular systems (in this 
paper these systems are called as "semicircular and circular matrices") and used them to obtain the 
surprising relationship between free group factors. One of essential arguments in [11] is that the 
semicircular matrices can be obtained from the matrices over another free probability space if the 
entries of the matrices are, in an appropriate way, chosen to be semicircular or circular and free. 
Moreover, the semicircular matrices obtained in this way are free with the algebra generated by 
diagonal matrices over scalars (see Theorem 2.1). 

More specifically, let (A/", r/v) be a free probability space and M. = A/<8> M n (C) be the algebra 
ofnxn matrices over J\f with the canonical tracial state t m . Let {e-ij}i<i,j< n be the canonical 
system of matrix units of M n (C). Let V n be the subalgebra of M. generated by {Ix®^u}i<i<n- Let 
A = Xa<i j< n a ij® e ij be a semicircular element of M. such that {o,ij}i<ij< n are, in an appropriate 
way, chosen to be semicircular or circular and free in J\f. (Such carefully constructed semicircular 
matrix will be called as Voiculescu's semicircular matrix.) (see Def. 2.5) Then Voiculescu proved 
his celebrated result in [1 1] that A and V n are free with respect to t m . 

The concept of semicircular element (or matrix) has now been a key concept in the theory of 
free probability and its application on von Neumann algebras. There are many further studies on 
semicircular elements after Voiculescu's paper. For example, the concept of R-cyclic matrices, as a 
generalization of Voiculescu's semicircular and circular matrices, was introduced in a remarkable 
paper [6]. It was proved there that a matrix A,nxn matrix over (A/", r^), is R-cyclic if and only if 
A is free from M n (C) with amalgamation over V n . Some examples of R-cyclic matrices are given 
there. 

The purpose of the paper is to further discuss some special properties of a semicircular element 
B in A4 when B and V n are free in A4 with respect to r M . The first result obtained is Theorem 
3.3, an inverse statement of Vouculecu's celebrated result (see also Theorem 2.1) in [11]. 

Theorem: Suppose B = Xa<« j< n ® e ij is a semicircular element of (0, 1) in M. . If B and V n 
are free with respect to r M , then There is a family of unitary elements {ui, . . . , u n } in J\f such that 
U*BU is a Voiculescu's semicircular matrix with U = J2i<i< n u i ® e a- 

Using the preceding theorem, we are able to give characterization of semicircular elements that 
are free with V n in M.. In more details, we have 

Theorem: Suppose B = Xa<j j< n % ® e ij i s a self-adjoint element in M. such that B and V n are 
free with respect to t m . Then the following are equivalent. 

(i) B is a semicircular element in M. 

(ii) There is a family of unitary elements {u± : . . . , u n } in M such that U*BU is a Voiculescu's 
semicircular matrix, where U = J2i<i< n u i ® e a- 
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(iii) For alH, j, 1 < i ^ j < n, b*jbij and bjj are free with respect to r/v. 

(iv) There are some io,jo, 1 < io ^ jo < b* ojo b iojo and & JW0 are free with respect to r^. 

(v) For all I < i ^ j < n, bijb*j and bu are free with respect to r^-. 

(vi) There are some io, jo, 1 < *o 7^ jo < ™, b io j b* ojo and 6 ioio are free with respect to r^. 

Therefore, under the conjugation of diagonal unitary matrices, Voiculescu's semicircular matrix 
is the unique form of semicircular elements that are free from V n with respect to t m . Moreover, 
under the assumption that the self-adjoint element B is free from V n in 7W, a very weak condition 
on freeness among entries of B (for example an off diagonal entry a io j and a diagonal entry Oj M0 
in same column are free with respect to r/v), will imply that B is a semicircular element (also 
see Theorem 3.1 and 3.2). In this sense, Voiculescu's semicircular matrix is the only self-adjoint 
matrix that is free from V n in M. and has free entries inside. 

The second half of this paper is devoted to study another aspect of semicircular elements, which 
is inspired by [9], a remarkable paper by S. Popa. In [9], by showing that any standard generator 
u g of free group factors L(F(n)) is not contained in any hyperfinite Hi subfactor of L(F(n)) (also 
see [2]), S. Popa answered an open question asked by R. Kadison (see [4]). Since the hyperfinite 
Hi factor can be "approximated" by large sized type l k factors, S. Popa's result can be interpreted 
in the following way. Suppose that u g and Uh are two different standard generators of L(F{n)) 
(hence they are free with each other). Once u g can be almost "contained" in a "large" type l k 
factor M k , then we would expect that u h will be far away from M k , i.e. the distance between u h 
and M k is going to be large. We define a new concept called by "matricial distance" to describe 
this asymptotic phenomenon of the distance between Uh and M k that almost contains u g . More 
generally, assume that A, B are two free semicircular elements of (0, 1) in a type Hi factor M.. 
(Note, here, we do not require M. to be a free group factor). For every positive integer k and every 
family of mutually orthogonal equivalent projections P 1: . . . , P k with sum / in A, the abelian 
von Neumann subalgebra generated by A in M, let M. k be any type l k factor in M. such that the 
diagonal projections of M k are {Pi}\<i< k . Let E k be the conditional expectation from M onto M k . 
Then we showed in Proposition 4.1 that \ \E k (B) \ | 2 < 7/ \fk, or the matricial distance between two 
free semicircular elements in A4 is equal to 1 . 

Further calculation of matricial distance between two free self-adjoint elements, not required 
to be semicircular, will be carried out in our forthcoming paper. 

The organization of the paper is as follows. The basic knowledge is reviewed in section 2. 
Section 3 is devoted to prove "uniqueness" of Voiculescu's semicircular matrix. The necessary and 
sufficient conditions for a matrix to be semicircular and free with V n are given in Theorem 3.5. As 
a corollary, the result of "free compression" in [7] is reproved in the same section. Proposition 4.1 
is proved in section 4. 
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2 Preliminary 

A free probability space is a pair (M, r) where M is a von Neumann algebra and tm is a normal 
state ([5]). We assume that M has a separable predual and r is a faithful normal tracial state 
([5]). (So that M. is a finite von Neumann algebra with a trace). Elements of .M are called non- 
commuting random variables. 

Definition 2.1 ([14]) The distribution of a random variable A in (A4, r) is a linear functional ji 
on C[x], the polynomial ring with variable x and coefficients in C, such that /i(ip(x)) = r(ip(A)) 
for all ip(x) in C[x]. 

Definition 2.2 A semicircular element A in M is one whose distribution ^y a , r satisfies the "semi- 
circle law", one whose distribution 7 a r (centered at a in R with radius r > 0) maps C[x] to C 
according to the equation: 



Such A is called a semicircular element of (a, r). 

The positive element H in M. is called a quarter-circular element of (a, r) if there is a semi- 
circular element of (a, r), B, in M. such that H = \J B*B. 

Definition 2.3 ([14]) The joint distribution of a family of random variables A it i el, in (M, r) 
is a linear functional jj, on C(x i? i G X), the noncommutative polynomial ring with noncommuting 
variables x it such that [i^ip^x^, . . . , x in )) = T(ip(A il , . . . , A in )) for every ip in C(xi, i G J). 

Definition 2.4 ([14]) The von Neumann subalgebras M.^ % G X of M. are free with respect to the 
trace t ifr(Ai . . . A n ) = whenever Aj G -M^, i\ ^ . . . ^ i n and r(Aj) = for 1 < j < n and 
every n in N. (Note that i\ and i 3 , for example, may be equal: "adjacent" AiS are not in the same 
M.i). A family of self-adjoint elements {Ai, . . . , A n } is free with respect to the trace t if the von 
Neumann subalgebras M. i generated by the Ai are free with respect to the trace t. 

Let M be a von Neumann algebra with a tracial state r^, and M be M <g> M n (C) for some 
integer n in N. Let {eij}\<i,j< n be the canonical system of matrix units of M n (C) in M. Let 
V n be the abelian von Neumann subalgebra generated by {Ij^ <g> ejj}i<j< n in A4. Let r M be the 
canonical trace on M. defined as: 




a+r 




i=l 



for every A = J2i<i,j< n a ij ® % in M - 



5 



Definition 2.5 A self-adjoint element A = J2i<i j< n a ij ® e ij i n M is called Voiculecu's semicir- 
cular matrix if the following hold: 

(a) {Re a it j, Im a it j \l<i<j<n}is a family of free elements in Af with respect to tj^ 

(b) Re a^j and Im a^j are semicircular elements of (0, in Af with respect to t^, for 1 < i < 
j < n - 1. 

(c) Each a i>n is a quarter-circular element of (0, in Af with respect to tj^, for 1 < i < n — 1. 

(d) Each CLjj IS CI semicircular element of(0,^=) in Af with respect to t^, for 1 < j < n. 

Definition 2.6 A family of self-adjoint elements {A k = Xa<j j< n a ij^ ® e ij}i<k<m in M. is called 
a standard family of Voiculecu's semicircular matrices if the following hold: 

(a) {Re a\ k j , Im a\ k j \ 1 < i < j < n,l < k < m} is a family of free elements in Af with respect 

tO Ttf 

(b) Re a\ k j and Im a[ k j are semicircular elements of (0, in Af with respect to r^f, for 1 < 
i < j < n — 1,1 < k < m. 

(c) Each a^l is a quarter-circular element of (0, in Af with respect to r^f, for 1 < i < n — 1. 

(d) Re and Im a\ k ^ are semicircular elements of (0, in A/" with respect to T/v, /or 1 < 
i < n — 1,2 < k < m. 

(e) Each af^ is a semicircular element of '(0, ^) in Af with respect to T^,for 1 < i < n,l < k < 
m. 

Following the notations as above, Voiculescu proved the following remarkable theorem. 

Theorem 2.1 (From [11]) Suppose {A k }i< k < m is a standard family of Voiculescu' s semicircular 
matrices. Then {V n , A 1 , . . . , A m } are free with respect to t m . 
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3 Uniqueness of Voiculescu's Semicircular Matrix 

Following the notations from preceding section, we let M be a von Neumann algebra with a tracial 
state Ttf, and M be Af (g> M n (C) for some integer n in N with the canonical tracial state t m . Let 
{eij}"j = i be the canonical system of matrix units of M„(C) in M. 

Our next proposition shows that if two self-adjoint elements share certain properties of freeness 
and agree on first two moments then they have the same distributions. 

Proposition 3.1 Suppose that B — X^i<i j< n fyj ® X — Yli<i j< n x n ® e *i are two self-adjoint 
elements in M. ( with 's and x^ 's in J\T) such that, for some io, jo, 1 < io jo < n, the following 
hold. 

(a) B and {Ij^ <g> ej j , 1^ <g> ej j } are free with respect to tm; 

(b) X and {Ijy ® ej j , Ijj <g> ej j } are free with respect to tm; 
(c) 

bjohMojo (— b* j bi j ) and bj j are free with respect to tx; 

(d) x joio x iojo (= x* ojo x iojo ) andx jojo are free with respect to r^; 

(e) r M (B) = r M (X) andr M (B 2 ) = r M (X 2 ). 
Then T M (B m ) = T M (X m ) for every m>\. 

Proof: We need only to prove the proposition under the assumption that tm (B) = 0, t m (B 2 )^= 1. 
Otherwise we let B = \\ B _ T l M{B)h {B - t m {B)) and X = ^-^^- (X ~ t m{X))- Then B and 

X are self-adjoint elements that satisfy all conditions in the proposition and t m (B) = t m (X) = 

0, t m (B 2 ) = r M {X 2 ) = 1. The result that r M (B m ) = r M (X m ) for every m > 1 will imply that 

r M {B m ) =r M {X m ). 

If it brings no confusion, we will write I^f ® as e^ . 
Claim I: ^(b^bji) = t^x^x^), Vi, j e {i , jo}- 

Note that we have, for any % e {io, Jo}? J G {^o> jo} an d any A in M , 

^(e^Ae^A) = r^((e^ - -)A(e jj - -)A) - -T M ({ejj - -)AA) 

n n n n 

1 11 
- -TM((eu - -)AA) + —t m (AA) 

n n n z 

It follows from that facts t m (B) = t m (X) = 0, r M [B 2 ) = t m (X 2 ) = 1 and conditions (a), (b), 
that 

T M {e ii Be jj B) = r M {e ii Xe jj X) Vi, j G {i , jo}- (1) 

1. e. 

TAfibijbji) = TxixijXji) Vi,j G {io, jo}- 
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Instead of proving r M (B m ) = r M (X m ) for every m > 1, we are going to prove a stronger 
result. 

Claim II: For each positive integer m, we have 

(i) r M (e tot0 (Be Joh r- l B) = ^(^(le^)- 1 !). 
(") w(feo) m ) = r^((x jojo r)- 

(iii) For 2 < I < m, 1 < t l5 . . . , t t < m with ti + h ti < m + 1, and si, . . . , s; G {i , jo}> we 

have r^((e sisi - . . . (e s , Si - 1)5*) = r^((e SlSl - I)** . . . (e S;S; - 

(iv) r M (e ioio (.Be jM - () ) m .B) = r w (e !(lio (Xe JMo ) m l) 

(v) r A ,( J B m+1 ) = r A ,(X m+1 ) 

The claim will be proved by the induction on m. 

The case when m = 1: (i), (ii) are directly from conditions (a) and (b). (if) is equation (1). 
is trivial. 

The case when m = 2: (i), (ii) are from equation (1) directly. For any 1 < t 1: t 2 < 2, t x + 1 2 < 3 

and {«!, s 2 } C {?o? Jo}> we have that 

= T M ((e >1(1 - - ^(B* 1 ) + T M (B^))(e S2S2 - -)(5< 2 - r M (B^) + r M (B^))) 

n n 

= T M ((e SlSl ~ - r M (B^))(e S2S2 - -)(B^ - r M (B^))) 

7X 7X 

+ r M ((e SlSl - -)(r M (B^))(e S2S2 - -)(B^ - r M (B^))) 

7X 77 

+ r M ((e SlSl - - r M (B^))(e S2S2 - ^-)(r M (B^))) 

+ r M ((e SlSl - -)(r M (B^))(e S2S2 - -){r M {B^))) 
n n 

1 1 

= T M (B tl )T M (B t2 )T M ((e slsl )(e S2S2 )) (because of condition (a)) 

77 77 

Similar argument shows that 

r M ((e SlSl ~ -)X h (e S2S2 - -)X* 2 ) = r M (X^)T M (X^)r M ((e SlS1 - -)(e S2S2 - -)) 

77 71/ 71/ 71/ 
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Note that 1 < ti, t 2 < 2 and t m (B) = t m (X), t m (B 2 ) = t m (X 2 ). We have that (in) holds for 
m — 2. 

As for (if), we know that 



T M( e ioio(Bej j ) B) T Af(bi o j o bj {) j {) bj o i ) 

I b 
I b 

— ~ T N{ x jojo) T N\ X joio X iojo/ 
Tb 

— ~~ T J\f{ x iojo x jojo x joio) 

I b 

= T M( e h)io(Xej j ) X) 
Now we are ready to prove (v). We have 
T M (e io i (Be jojo ) 2 B) 

= r Al(( e ioto 



(because of condition (c)) 
(because of equation (1)) 
(because of condition (d)) 



1 1 



+ )B(ej j 



n n 



+ )-^( e ioio 
n n n n 

= r M ((e i0 i - -)B(e jojo - -)B(e jojo - -)B) 

lb lb lb 

+ -T M (B(e jojo - -)B(e jojo - -)B) + -T M ((e ioio - -)BB(e jojo - -)B) 

Tb Tb Tb Tb Tb Tb 

+ -r M ((e ioio - \)B{e joja - \)BB) + ^r M (BB(e jojo - -)B) 

lb lb lb lb lb 

+ -^r M ((e lolo - -)BBB) + \r M (B(e jojo - —)BB) 

Tb Tb Tb Tb 

+ \ TM (BBB) 

n 6 

= —tm(B 3 ) (because of condition (c)) 

n 6 

On the other hand, similar computation shows that 



TM(ei i (Xe jojo ) 2 X) = —r M (X 3 ) 



Combining with (iv), we know that t m (B 3 ) = r M (X 3 ). 

The case when m = k + 1: Assume that (i), to (v) hold when m = k. Consider m = k + 1. We 
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have 

T~M(e io i (Be jojo ) k B) = -Tu(bi j (bj ojo ) k ~ 1 b jo i ) 

I v 

= -tm ( b joio b iojo ) tm( (b jojo ) fe ~ 1 ) 

= ~ r Af( x joio x iojo) T N(( x jojo) ) 



(because of (n) of induction hypothesis) 



1 



T Af( x iojo( x jojo) x joio) 



n 

= r M ( e io«o (^ e jojo) ^0 

So, (i) holds when m — k + 1. From (t>) of induction hypothesis, we know that t m {B 1 ) = t m (X % ) 
for 1 < % < k + 1. Since £? and e io j are free, we have 

T M ((e ioio B) k+1 ) =T M ((e %oio X) k+1 ). 

It follows that T N ((b k)k) ) k+1 ) = T M ((x iaiQ ) k+1 ). Therefore (ii) holds. 

As for (in), when 2 < Z < k + 1, 1 < fi, . . . , fj < fc + 1 with t x + h f j < k + 2, and 

Si,...,Si G {io,jo}.we have 

r^((e SlSl -i)S tl ...(e SiSi -^)S*0 

/ i / fi 

= r M ((e SlSl - - tm^ 1 ) + r^E* 1 )) . . . (e S;Si - - t m {B^) + r^(^))) 

= r M ((e SlSl ~ ~)(B^ - r M (B^)) . . . (e SlSl - -)(B^ - r M (B^))) 

77 77 

+ r M (B^)r M ((e slSl - -)(e S2S2 - -){B^ - r M {B^)) . . . (e SlSl - -)(B tl - r M (B tl ))) 

n n n 

+ ... 

+ T M {B tl )T M {E^) . . . r M (B tl )r M ((e slsl - -){e S2S2 - -){e SzS . A --)... {e S[Sl - -)) 

n n n n 

= 

+ r M (X h )T M ((e slsl - -){e S2S2 - -)(X* 2 - r M (X t2 )) . . . (e SlSl - - r M {X^))) 

71/ 71/ 7X 

+ ... 

ill l 

+ T M (X tl )T M (X t2 ) . . .T M (X tl )T M ((e SlSl - -){e S2S2 - -)(e S3S3 - -)...{e SlSl - -)) 

n n n n 

(because t m (B 1 ) = t m (X % ) for 1 < % < k + 1 and B (or X) is free from {e io j , e JW0 }) 
= T M ((e SlSl -±-)X t i...(e SlSl -± ; )X t >), 

It It 
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which proves (Hi) for m = k + 1. 
As for (iv), we know that 

TM(ei Q i„(Be jojo ) k+1 B) = -TM(b iojo (b jojo ) k b joio ) 

I b 

= \r N ( ( b jojo ) k ) t n ( b jo io b iojo ) 

/ b 

= -^((x jojo ) k )T M (x joio x k)j() ) (because of (ii).) 

— ~~ T Af( x iojo( x jojo) x joio) 

I b 

= T M (e ioio (Xe jojo ) k+1 X) 
Now we are ready to prove (v). We have 
T M (e ioio (Be jojo ) k+1 B) 

= r M ((e i0 i - - + -)B(e jojo -- + -)... B(e jojo - - + -)B) 

= T M ((e i0 i - ^-)B(e jojo - i) . . . B(e jojo - ^)B) (= 0) 

lb lb lb 

+ ^-T M (B 2 (e j0j0 -h-.. B(e jojo --)) + ... 

lb lb lb 

+ Zl r M(B 3 (e jojo -h-.. B(e jojo - i)) + . . . 

lb lb lb 

+ ... 

+ ^M((e Hm - 1)5*+') + ^W(e J0J0 - i)S^) + . . . (=0) 
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On the other hand, similar computation shows 




- T M ((e ioio - -)X(e jojo - -) . ..X(e jojo - -)X) 



(= 0) 




+ . . . 




(= o) 



Combining with (Hi) and (iv), we know that r M (B k+2 ) = r M (X k+2 ). i.e. (v) is proved for 
m = k + l. Q.E.D 

Note that Voiculescu's semicircular matrix always satisfies all conditions in Proposition 3.1. 
Now we have 

Theorem 3.1 Suppose that B = J2i<i j< n ^j ® a self -adjoint element in M. (with bij's in 
M) such that, for some io, jo, 1 < *o Jo < n, 

1. B and {Ij\f <g> e ioio , <g> e J0 j } are free with respect to r M ; 

2. b* o j o bi j and bj j are free in Af are free with respect to r^j. 
Then B is a semicircular element of(rM(B), ||-B|| 2 ). 

Proof: Let X be a Voiculescu's semicircular matrix, and B = pp—p^ (B — t m (B)). Using 

Proposition 3.1, we have that r^B'" 1 ) = rx(X m ) for every m E N. Hence B is a semicircular 
element of (t m (B), \\B\\ 2 ). Q.E.D. 

By switching the order of % and j, same arguments as Corollary 3.1 will show the following. 

Theorem 3.2 Suppose that B = Xa<i j< n ® e ij' JS a self-adjoint elements in M. (with b^ 's in 
M) such that, for some i , j , 1 < i ^ jo < n, 

7. Z? an J {/a/ - <8> ej j , ijv <8> ej oj0 } are free with respect to tm; 
2. b^jgb^j and bi i are free with respect to t^. 
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Then B is a semicircular element o/(tm(5), ||-B|| 2 ). 

Our next result describes the uniqueness of Voiculescu's semicircular matrix. Let V n be the 
abelian von Neumann subalgebra generated by {Ijy <g> eu}i<i< n in M. 

Proposition 3.2 Suppose that B = Yli<i j< n ® e ij an d X = Xa<« j< n x v ® e ij are two se W~ 
adjoint elements in M. (with 's and H), such that 

1. B and V n are free with respect to t m ; 

2. X and V n are free with respect to t m ; 

3. T M (B rn ) = T M (X rn ) for all m > I; 

4. b in , Xin are positive elements in M for all 1 < i < n — 1; 

5. The spectrum of Xi n has no atom as the operator in M for all 1 < i < n — 1; 

Then, {bij}i<ij< n and {;%}i<ij< n have the identical *-joint distribution in Af with respect to the 
tracial state r^. 

Proof: Note that B (or X) is free from V n in M and r M (B m ) = T M (X m ) for all m > 1. We 
have 

tm{{In ® e ilh )B(Ix <S> e i2i2 )B ■ ■ ■ (I N <g> e imim )B) 

= T M ((Itf ® e ilh )X(I N <g> e i2i2 )X ■■■(I Ar ® e imim )X), 

or 

for alHi, . . . , i m G {1, . . . , n}. In particular, we have 

rx{{b in b ni ) m ) = T^((x in x ni ) m ), for all m > . (3) 

Since x in is a positive element whose spectrum has no atom as the operator in J\f for all 1 < i < 
n — 1, by functional calculus, we know that 

In e {x in }" = the von Neumann subalgebra generated by M. 

= span S ° T {Xin ■ 1 < t G N} (*) 
= span SOJ \xfn~ 1 : 1 < t G N} 

By (3), we have 

Ij\f G {b in }" = the von Neumann subalgebra generated by b in in J\f. 

= span SOT {bf n ■ 1 < t e N} (**) 
= spm^ibH 1 : 1 < £ G N} 

To prove the proposition, we will show the following lemma first. 
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Lemma 3.1 Following the notions as above, we have that, for any 1 < ii, . . . , i 2m < n, 

T^/A^l 112^314 ' ' ' ^«2m-l«2m) = T Af( X ili2 X i3H ' ' ' a '«2m-l«2m) (^") 

Proof of Lemma: For 1 <i\,..., i 2m < n, let i2 m +i be ii and 

<S[h, i 2 , ■ ■ ■ , 12m] = {kj I kj ^ kj+i, 1 < 3 < m} C {i 2 , U, ■ ■ ■ , «2m}- 

Denote by / the cardinality of the set S[ii,i 2 , ■ ■ ■ , i 2m ]. There are two cases to be considered, 

(i) m — 1 and (ii) m > 2. 

(i) : When m — 1 and / = 0, (4) follows directly from (2). When m — I — 1, we need to 
show that Tj^(bi li2 ) = T^f(x ili2 ) for %\ ^ i 2 . If one of %\ or i 2 is equal to n, then Tj^(bi li2 bi 2il ) = 
TAf(b ili2 b* ii2 ) = Tu(x ili2 x i2il ) = Tj^(x ili2 x* li2 ) by (3). Therefore T N (b ili2 ) = T N (x hi2 ) because 
both b ili2 and x ili2 are positive. If none of %\ and i 2 is equal to n, it induces from (2) that, for all 
fi,* 2 inNU {0}, 

TN'iPniiiPiirfinii) ^1112(^2^^12) b>i 2n ) TM^nii (•^im^'mi) x iii2 ^ iin x ni-i) x i2n}- 

or (note that both fe iin and x iin are positive.) 

^(W^+X^nf 2+1 ) = W((^ in ) 2tl+1 x ili2 (^ 2n ) 2t2+1 ), Vfi,f 2 G NU {0}. 
From (*),(**) it follows that 

T/v(&zii 2 ) = T Af( x iii 2 ) 

(ii) : When m > 2, we will use induction on I now. 

Since (4) holds when I — 0, we might assume that (4) holds for / < k. Consider the case when 
I — k + 1. We need to show that 

T/V (^1112 ^3*4 ' ' ' bhm-lhm) = T N\ X hl2 X l3lA ' ' ' ^m-l^m)? (^) 

when the cardinality of the set <S[ii, i 2 , . . . , i2m] is equal to + 1. Since T/v is a tracial state, we 
can assume that i 2 7^ i3- There are three cases we have to consider: (a) i 2 = n, i 3 7^ n, (b) 

«2 7^ ^,^3 = n, (c) i 2 ^n,«37^ 

(a): Assume that i 2 = n, i 3 7^ n. Since cardinality of <S[ii, i 2 , i 3 , i 4 . . . , i 2m ] is equal to k + 1, 
the cardinality of 

S[ii, i 2 , i 2 , i 3 , «3, *2, • • • , «2, «3, «3, «2, h, «3, «3, «4, • • • , «2m] 

is equal to (here i 2 = n). By hypothesis, we have that 

T~JV (biin(b n i 3 ) bi 3 i 4 • • • bi 2m _ 1 i 2m ) = Tj^ (x i in ( x ni 3 ) X %3U ' ' ' X i2m-li2m) i ^ ^ 
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From (*), (**), we have that (5) holds for this family of . . . , i 2m }. 

(b) : The proof of the case when i 2 ^ n, i 3 = n is similar as (a). 

(c) : Assume that i 2 ^ n, i 3 ^ n. Since cardinality of «S[«i , z 2 , ^3, i± • • • , «2m] is equal to k + 1, 
the cardinality of 

S[i 1 ,i2,'i2,n,n,i 2 \ . . . , 'i 2 , n,n, i 2 \ i£n, O3, 'h, n,n, i^, . . . ,'i 3 ,n,n,i 3 \ i 3 ,u, . . .,i 2m \ 
is equal to k (here both i 2 , i 3 are not equal to n). By hypothesis, we have that 

{bi 1 i 2 {bi 2 n) {b n i 3 ) 6j 3 j 4 • • • bi 2m _ 1 i 2rn ) 

From (*), (**), we have that (5) holds for this family of {ii, . . . , i 2m }- 
Hence the induction is completed, and the lemma is proved. Q.E.D. 

Continue the proof of the Proposition 3.2: Note that B and X are two self-adjoint elements in 
A4. Thus bij = b* { and Xij = x*^ From the preceding Lemma, we know that the * -joint distribution 
of the family of elements {a^ , 1 < i, j < n} is identical to the * -joint distribution of the family of 
elements {x,ij, 1 < i, j < n} in Af with respect to r^. Q.E.D. 

Now we can prove our main theorems in this section. 

Theorem 3.3 Suppose B = Xa<i j< n bij ® e-ij is a semicircular element of (0, 1) in A4. If B and 
V n are free with respect to tm, then there is a family of unitary elements {u±, . . . , u n } in Af such 
that U*BU is a Voiculescu's semicircular matrix, where U = Yli<i<n u i ® e a- 

Proof: Let Uihi be the polar decomposition of b in in Af for 1 < i < n — 1. Let u n = Ij^, 
U = J2i<i< n u i ® e a and & = U*BU = J2i<i,j< n u ibij u j ® Let X be a Voiculescu's 
semicircular matrix. It is easy to check that B and X satisfy the conditions in Proposition 3.2. 
Hence }i<i,j<n and {xij}i<i,j< n have identical * -joint distributions in Af. It follows that 

B is also a Voiculescu's semicircular matrix. Q.E.D. 

The proofs of Proposition 3.2 and Theorem 3.3 can be easily extended to the case of m-tuple 
of semicircular matrices, B\, ... , B m when {£?i, . . . , B rn , V n } are free with respect to r M . We 
present the following theorem whose proof is skipped. 

Theorem 3.4 Suppose Bk = Yli<i j<n^ ® e %j f or I < k < m is a sequence of semicircular 
elements of (0, 1) in A4. If {B±, . . . , B m , V n } are free in A4, then there is a family of unitary 
elements {u±, . . . , u n } in Af such that {U* BkU}\<k<m is a standard family of Voiculescu's semi- 
circular matrices, where U = Xa<i<n M * ® e *« e 
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Remark: Theorem 3.3 can be viewed as the inverse statement of (Voiculescu's) Theorem 2.1. 

Corollary 3.1 Suppose B k = Xa<? j< n $j ® &ij for 1 < k < m is a sequence of semicircular 
elements of (0, 1) in AA. Then {Bi, ... , £? m , £> n } are free in AA if and only if there is a family of 
unitary elements {u±, . . . , u n } in Af such that {U*B k U}i<k<m is a standard family ofVoiculescu 's 
semicircular matrices, where U = Yli<i<n u ' i ® e a e -M- 

Combining with Theorem 3.1, we have the following characterization of semicircular elements in 
M. 

Theorem 3.5 Suppose B = Xa<i J <n % <8> ?5 a self-adjoint element in AA and free from V n 
with respect to r M . Then the following are equivalent. 

( i) B is a semicircular element in AA. 

(ii) There is a family of unitary elements {ui, . . . , u n } in Af such that U*BU is a Voiculescu's 
semicircular matrix, where U = J2i<i< n u i ® e a- 

(Hi) For all 1 < i ^ j < n, b*^ and bjj are free in Af with respect to the tracial state Tjy. 

(iv) There are some io,jo, 1 < *o Jo < n > b* j Q bi j an d bj j are free in Af with respect to the 
tracial state Tjy. 

(v) For all i,j, 1 < i ^ j < n, bijb*j and bu are free in Af with respect to the tracial state Tjy. 

(vi) There are some io, jo, 1 < *o jo < n ' ^iojo^iojo bi i are free in Af with respect to the 
tracial state Tjy. 

Proof: (i) (ii) is from Theorem 3.3. (ii) (Hi) is from Definition 2.5. (Hi) (iv) is 
trivial, (iv) =>- (i) is from Theorem 3.1. (ii) =>■ (v) is from Definition 2.5. (v) (vi) is trivial. 
(vi) (i) is from Theorem 3.2. Q.E.D. 

As a corollary of Theorem 3.4, we prove the following result of "free compression" in [7]. 

Corollary 3.2 Suppose A k = Xa<jj<n a ij^ ® e ij fo r ^ < k < m is a sequence of self-adjoint 
elements in AA. If{Ai, . . . , A m , T> n }i<k<m are free in A4, then 

(i) {a\]\ . . . , a^} is a free family in Af for each 1 < i < n. 

(ii) {a\]la§l* , a^a^*} is a free family in Af for each 1 < i,ji, ...,j m <n. 
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Proof: We can assume that there exists a family of semicircular elements {X±, . . . , X m } in A4 
such that {X 1 , . . . , X m , V n }i<k< m are free in A4 and each A k is contained in the von Neumann 
subalgebra generated by X k in M for 1 < < to. It follows from Theorem 3.4 that there 
exists a family of unitary elements . . . , u n } in M such that {£/*Jrfc[/}i< fe < m is a standard 
family of Voiculescu's semicircular matrices, where U = J2i<i< n u i ® e a- Assume that X k = 
Y^i<i j< n x lf ® <%• Therefore, from the definition of standard family of Voiculescu's semicircular 

matrices, we have {Re u*x[ k jUj, Im u*x[ k jUj \ 1 < i < j < n, 1 < k < m} is a family of free 
elements in M with respect to t^. 

Note that each A k can be approximated by the polynomials of X k in 2-norm || • || 2 . So u*a\^Ui 
can be approximated by the polynomials of {Re u*x^u t , Im u*xf]u t \ 1 < s, t < n} in 2-norm 
|| • ||2. Since {Re u*x[ k jUj, Im u*x\ k jUj \ 1 < i < j < n,l < k < m} is a family of free elements 
in Af with respect to r/v, we have that {u*a\^Ui, . . . , u*a^Ui } is a free family in Af for each 
1 < i < n. Hence {a\]\ . . . , } is a free family in Af for each 1 < i < n. Similarly, we also 
have {4]la\f*, a^a^*} is a free family in Af for each 1 < i, j u . . . ,j m < n. 



4 Matricial distance between two free semicircular elements. 

Let M be a factor of type IIx with the traical state t m . Assume that M = Af <E> M n for some pos- 
itive integer n and a type IIx subfactor Af with the tracial state r^. Let {e^}™,^ be the canonical 
system of matrix units of A4 n and V n be the subalgebra generated by {1^ ® ejj}i<j<„ in M. Let 
£" n be the conditional expectation from M onto Ijy ® M n . 

Proposition 4.1 T/'i? «a semicircular element of (0,1) in A4, which is free from V n with respect 
to the trace t m , then 

\\E n (B)\\2<^. 

The proof of the proposition will be given in later subsection. We need to prove a few lemmas first. 

4.1 Definition of x: perturbation of a semicircular element x 

Let Mi be a type IL von Neumann algebra with a traical state r. Let u be a Haar unitary element 
in M\ and Ai be the diffused abelian von Neumann subalgebra generated by u in Mi. There is a 
♦-isomorphism if from Ai onto L°°([0, 1], to) such that ^(u) = e 27 ™'*, where to is the Lebesgue 
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measure on [0, 1]. Let 



So, 



and 



<t)= / — 2 \Jr 2 -t\dt x , fort 



E [— r, r\. 



ds 
dt nr 



dt nr 2 1 



ds 2 v^TJs 



s(-r) = 0; s(r) = 1. 

Lett = g(s) be the inverse function of s = s(t). Then g(s) £ L°°([0, 1], to), g(0) = — r, g(l) = r, 

ds 



and ^ = g'(s). Since 



/ #(s) m ds = I g( s (t)) m ^V^¥dt =\l t m V^¥dt, 

J0 J-r 7rr 71-71 V-r 



we know that ip 1 (<7(s)) defines an operator x, a semicircular element of (0, r), in „4i. Let 

< s < r 
r < s < 1 — r 

1 -r < s < 1. 



/(«) = 



0(1 -r) 



1-s 



Definition 4.1 Define x, the perturbation of a semicircular element x, to be ip the corre- 

sponding element off(s) in A\. 



Lemma 4.1 Assume that x is a semicircular element of (0, r) in the abelian von Neumann subal- 
gebra A\ generated by the Haar unitary u. And x is defined as in Def. 4.1. Then we have 

E 



Proof: From the construction of x, we have 



r(xu k ) = I f(s)e 2mks ds 



2nik J 



f'(s)e 27riks ds 



Hence 



EM*«')I < E 



2jrik 



ME 



E 



f{s)e 2viks ds 



< \f(s)\ 2 ds 



Because 

rr \„(„\\2 a \„(„\\2 



[\f{s)\ 2 ds = rM^ (2s )^ s= 4MrL<! r ( since b(r)|< 
Jo Jo r 6 r 6 

/ \f'(s)\ 2 ds < -r ( similar as the preceding one) 

Ji-r 3 



we have 



l-r pl-r rg(l-r) J+ 2 

f'/„\|2j„ _ / IJ/„M2 - 



\f{s)\'ds= / \g\s)\'ds 

Jr J ' g(r) 
r-a(l-r) /_„2\ 2 



(is , 
— dt 
dt 



2 



2" J-iVT^F 



< ^ / _ < "" / < r, ( when r is small enough. 



f 1 \m\ 2 ds= f r \f'(s)\ 2 ds+ f r \f'(s)\ 2 ds+ f \f(s)\ 2 ds, 

Jo Jo Jr Jl-r 



4 4 
< -r + -r + r < 5r; 
o o 



(J2\r(xu k )\) 2 < / 1 |/'( a )| 2 d a <5r; 



fc^O 

^ |r(5M fe )| < v^r^ 

Q.E.D. 

Using the preceding notations, we have the following inequality. 

Lemma 4.2 For any two elements {wi, w 2 } in Mi with \ \wi\\ < I, we have 

\t{wiXW2)\ 2 < \t{w\XW2)\ 2 + 6r2. 
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Proof: By the definition of x, we get, 



\ x - x \\l = / \g( s ) - f(s)\ 2 ds 
Jo 



< ( Q W)- 9 -^ L s 2 \ 2 ds + f \g(s) - 9 -S^(l - syrds 



< [ \g(s)\ 2 ds + f \g{s)\ 2 ds 

JO Jl-r 



(as g(r) < 0, g(s) < when < s < r and g(l — r) > 0, g(s) > when 1 — r < s < 1) 

<r 2 - r + r 2 - r = 2r 3 . 

Therefore, for any two elements w± , w 2 in J\f\ with 1 1 w± \ \ , 1 1 w 2 \ \ < 1 , we have 

\t(wixW2) — t{wixW2)\ < \ \x — x\\ 2 < 2r . 



And 



\t(w 1 xw 2 )\ 2 - \t(w 1 xw 2 )\ 2 \ 



< \t(w\xw 2 ) — t{w\xw 2 ) \ • {\t{w\xw 2 )\ + \t(wixw 2 ) — {t{wixw 2 ) — r{wixw 2 ))\) 

< \/2ri(\\x\\ 2 + ||x|| 2 + V2ri) < 6r^ 

It follows that, 

\r(wixw 2 )\ 2 < \t{w\XW 2 )\ 2 + 6r2. 

4.2 Some analysis on free group factors 

Let £ be an index set, F(E) be the free group with the standard generators {g a }aeT,- Let A be the 
left regular representation of F(E) and L(F(E)) be the free group factor associated with the group 
F(E) with standard generators {A(g a )} aeS . 

Fix some index a in E. We are going to group the elements of F(E) into following sets. Let 

ES = {?« 6 F(E) | w isa reduced word ending with g™ such that m^O} 
SS = {w E -F(S) | w is a reduced word starting with g™ such that n^O} 
ET = F(E) \ ES, 
ST = F(E) \ ET. 

Note that every element g in ES can be expressed as ag™ for some reduced word a (not ending 
with g a ) and nonzero integers m; and every element h in S'S' can be expressed as g™b for some 
reduced word b (not starting with g a ) and nonzero integers n. Then for every w in L(F(E)), we 
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get the expression of w as 

w= Yl w (9)u 9 = Y £(a,™)\{a)\{g a ) m + Y <S{a,0)\{a) 

geETUES ag™£ES aeET 

w = w{h)u h = Y &(cL,m)X{g a ) n X(b) + Y &(b,0)X(b) 

heSTuSS g%b£SS beST 

where w(-), <£(•, •), ©(•, •) are the scalars. By allowing to, n equal to zero, we can simply express 
w as 

w= Yl £(a,rn)\(a)\(g a ) m 

a 9 ™GF(£) 

w= Y &(b,n)\(g a ) n \(b) 

ff £fteF(£) 

Now we define the norms 1 1 • 1 1 ( a ,E) and 1 1 • 1 1 ( a ,s) as 

\\™\\(«,e)= Y \ w (9)\ 2 = Y l^( a ' m )l 2 
V sees y a 9 ™e£S 

ii ^ = Jy ww = J E i 6 ( & ' n )i 2 

y /less y <?s&ess 

It is easy to see that, for every w in L(F(E)), we have 

EH ™ H(«,-E) - IHI2, Y II W \\(°,S) ^ 1 1^1 11- ( # ) 



4.3 Another Estimation 

Following the notations from preceding subsection, we let E be the index set; A be the left reg- 
ular representation of F(E) and L(F(E)) be the free group factor with the standard generators 
{X(g a )}aeT,- For each a e S, let y Q be any self-adjoint element in the von Neumann subalgebra 
generated by A(g Q ) such that r(y a ) = 0. 

Fix some index a from E. Let wi, W2 be two elements in L(F(E)). Then 

twi = (S ?i , 1 (a,m)A(a)A(5f a ) m 

a 9 ™ G F(E) 

^2= E ©«»(M)A(<7a) n A(&) 

<?£6e.F(£) 
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where •), 6 W2 (-, •) are the scalars. Hence 

r(w l y a w 2 ) = t I (3 Wl (a,m)A(a)A(5f a ) m y a 6 W2 (6,n)A(5f a )"A(6) 
= £ ^ 1 (a,m)6 W2 (6,n)r(y a A(^) m+ ")A(^)"A(6) 

a,b,m,n 
= h+I 2 + I 3 

where _ 

Ji = ^2 £ Wl (a,0)& W2 (a~ 1 ,n)T(y a \(g a ) n ) 

a,m=0,ny^O 

h= ^w 1 (a,m)& W2 (a' 1 ,0)T(y a \(g a ) m ) 

a,m^O,n=0 

h= Yl ^ Wl (a,0)& W2 (a- 1 ,n)r(y a \(g a r +n ) 

Lemma 4.3 Let y a be a self-adjoint element in the von Neumann subalgebra generated by Haar 
unitary X(g a ) such that r(y a ) = 0. We have the following inequalities. 

\h\ < IMhlMkslMh 

\h\ < IkllU^ll^lbHl/alb 

V k 

Proof: From Cauchy Schwartz inequality, we know that 



n^O V y a y a I 

< i5^)P,/E \& W2 (a-\nW fc\T(y a \(g a ) n ) 

y a y a,n^0 \j n^O 

= Jj2 E \e^(a-\n)\^\\y a \\ 2 



< |kl||2||w 2 |U,5||ya| 

Similarly, we have 



2 



\h\ < ||wi|| Q ,B||w 2 ||2||ya||2 
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And 

|J 3 | = ^ ^w 1 (a,k-n)& W2 (a~ 1 ,n)T(y a X(g a ) k ) 



^EL/E l^(«»*-n)l 2 / J2 \&w 2 (a-\n)\i\\T(y a \(g a y 



< \\wi\\ a> E\\w 2 \\a,s (^2\T(y a X(g a ) k )\^j 



Q.E.D. 



4.4 Proof of Proposition 4.1 

Proof of Proposition 4.1: Note that B can be written as J2i<i j< n ® with % in A/" and 



|S B (S)||1 = ||S B ( b a® e iM = - E M h 



n 

1 < i , j < n l<*J< n 



Since the semicircular element B and £> n are free with respect to the trace r M , by Theorem 3.5, 
there are unitary elements u 1: . . . , u n in J\f such that U BU* = J2 ±<i j<n ® is a Voiculescu's 
semicircular matrix, where [/ = J2i u i ® Therefore, 

£> = bij ® e-ij = U*U BU*U = (uidijii*) <S> , so 6^ = Uia^u*. 

where r(ay) = and T(a i ja* j ) = 1/n. We have 

^ E MM 2 = ^ E MOP (6) 



n 1 — ' n 

l<*J< n l<i<n 



+ ^ E m 6 »j) 



n 

l<j<n-l 



(7) 



+ - E MM 2 (8) 



n 

l<i,j<n— 1 



From Cauchy-Schwartz inequality, we have 

(6) = - V] \TM(b in )\ 2 = - Y] \T M (uia in u n )^ 



n * — ' n 

Ki<n Ki<n 



< ~ E M U i a ™a*„ U i) T M( U *n U n)\ 
U Ki<n 



1^11 

n ' n n 

KKn 
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Similarly, we have 

(7) = 1 - £ Ma<J 



n — ' n 

l<7<ra-l 



Now we estimate (8), 

(8) = - ^ \ T Af( b ij)\ 2 = ~ ^2 \ T Af( u i a ij u , 
l<i,j<n—l l<M<n— 1 

E|r A r(Mia ii M*)| 2 + - 



y a j ) I 



n ^ — ' n 

l<i<n-l l<i<j<n-l 

o+- ir)v(«iaij«i)i 2 = - 

l<i<j<n-l l<i<j<n-l 



Ir^^a^*)! 2 



*\|2 



<- V M^-u*)| 2 (9) 



71 

l<i<j<n-l 



+ - m*w#i 2 (io) 

71 z — ' J 

l<i<j<n-l 

(where iy, are the real and imaginal parts of a^.) 

Note that, since U BU* = Xa<i j<n a^eij is a Voiculescu's semicircular matrix, {x^ , yij}i<i<j< n -i 
is a free family of semicircular elements of (0, r) with r = -7==. 

Let E be the index set {(i,j}}i<i<j< n -i- Let A/i be the von Neumann subalgebra generated by 
{xij}i<i<j<n-i m N, which is *— isomorphic to the free group factor L(F(E)). Note that A/i is a 
subfactor of A/". By [10], there exists a family of vectors {£ s } se / C L 2 (Af, r^) such that, for each 

Ui, 

s s 

where w{i, s) = (£*tii) £ A/i, and E^i (C6) — S st f s , with / s projections in A/i. And it is easy 
to see that 

J2WfMi^)\\ 2 2 ^\\ Ui \\l (##) 

s 

Therefore, 

nrfaxijUj) = T ^ ai w(i, si)xijw(j, s 2 )*C 2 ) 

Sl,S2 

= ^(^(Ca&JM*. S^XijWd, S 2 )*)) 

S1,S2 



= 5^ T J^(ifsi w (h Sl))Xij(f sl w(j, Si))*)) 



si 
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For every a = wi = f si w(i, w 2 = (f si w(j, 

Lemma 4.1 and 4.3, and obtained the following. 

\ T Af{{f Sl w{i, si))xij(f s ,w(j, si ))*))! < \\fs,w(i,si) 



It follows that 



si))*, x = Xij and y a = x, we applied 

ig- 

w(j,s 1 ))*))\ < \\f si w(h s i)h\\ fsMj, s i)\\((i,j),s) -r 
+ \\f Sl w(h s i)\\((i,j),E)\\fsMj, si)\\2-r 
+ \\f Sl Hh s i)\\((ij),E)\\fsMj, s i)\\((i,j),s) ■ v^r^ 



\T(uiXijV%) \ = \ ^2r M ((f Sl w(i, s l ))x ij (f Sl w(j, s^)*))] 

si 

< Yl {WfsMhS 1 )\\ 2 \\f Sl w(j,S 1 
si 

+ \\fs 1 w(i,s l )\\ {{id)yE) \\f Sl w(j,s 1 )\\ 2 -r 
+ \\fsMh s i)\\({iJ),E)\\f s Mj, s i)\\((i,j),s) ■ V5r^ 

By Lemma 4.2, we obtain 



,J),s) ■ r 
2 ■ r 



iTfi/iuiXijU*)] 2 < |r(MjXyM*)| 2 + 6r2. 



< 3 



J2(\\f Sl w(i, s 1 )\\ 2 \\f Sl w(j, s 1 )\\ {{iJhE) ■ r) 

Sl 

+ J2(\\fs 1 w(i,s 1 )\\ ({iJ) ,E)\\f Sl w(j,s 1 )\\ 2 -r) 

si 

+ ^(ll^l W ^' Sl )ll(^')' £ )ll^l W ^' Sl )ll(<«)' S ) ' 

2 

^(||/ si w(i,si)|| 2 ||/ si w(i, 

si 

J2(\\fsMh S l)\\((i,j),E)\\fsMj, S l)\\2 ■ 

<?1 



+ 6r 5 / 2 



,si)\\((ij),s)-r) 



r) 



Sl 
Sl 

+ 6r 5/2 
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< 3r\J2 WfsMJ, *i) \\t(i,j),s)) (£ Wf'Mi, si) II 2 ) 

si Si 

+ 3r 2 (£ WfsMh si) | \h),E))(J2 WfsMJ: *i) ID 

+ 15r (^ I l/s^U si) | \ 2 {{Ljhs ) (J2 1 l/W*, s 1 \kj),E)) 



Sl Sl 

+ 6r 5/2 



<3r 2 X(||/ SlW U Sl )||^. )iS) + ||/ SlW ( ? , Sl )||2 (M . >j£) ) (because of (##)) 

si 

+ 15r Ell/ S i W U S l)ll((^>,5))E \\fsMhSl)\\ 2 ({iij)iE) ) 



Sl Sl 

+ 6r 5 / 2 

Therefore 

(9) < ^ Yl MuiX ijU *)\ 2 

l<i<j<n-l 

^- E (3r 2 E(ii/^o>oii 2 (^) + ii/^(Mi)iiLW 

1 <i<j <n — 1 \ si 

+isr(x; *i)ii(<o->,s))(x; n/-^^. *i)ii?<*a>,^)) + ^ 5/2 ) 

si si / 

^ E ££ii/..<»o>oii? (i , j ,, S )+^ £ EEii/.mmoii^) 

l<j<n— 1 si i l<i<n—l si j 

+ — E EEn/^ s i)H((^) + ^r~ E 1 

l<j<n— 1 si j l<i<j'<« — 1 

12r 2 1 I2r 2 ^ 1 60r 1 24r 5 / 2 , 

< > l + > l + > l + > 1 

Tl ^ Ti ^ Ti ^ Ti ^ 

l<7<ra-l l<i<n-l l<i<n-l l<i<j<n-l 

(because of (#) and (##)) 

< 24r 2 + 60r + 12r 5/2 n 
Similarly, we also have 

(10) < 24r 2 + 60r + 12r 5/2 n. 

Combining all of the above, we have 

\\E n {B)\\l = - E lw(MI 2 <- + 48r 2 + 120r + 24r 5 / 2 n<49v^<^, 
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where 2r 2 = r A r(%6*,) = ± Q.E.D. 



4.5 Definition of matricial distance of two elements 

Definition 4.2 Le? M. be a factor of type II\ with the traical state r. Let Abe a diffused abelian 
von Neumann subalgebra of M.. Let S n be the set consisting of the type I n subfactors M. n of M. 
such that A fl M. n is a n— dimensional subalgebra. Then, for any element b in M., the matricial 
distance between A and b is defined as, 

MatD(A, b) = liminf inf — EM n (b) H2, where Em„ is the conditional expectation 

71— >00 Mn&Sn 

from M onto M n } 

Definition 4.3 Let a be a self-adjoint element in M. such that a generates a diffused abelian von 
Neumann subalgebra A of M.. Then, for any element b in M., the matricial distance between a 
and b is defined as 

MatD(a,b) = MatD(A,b). 

Definition 4.4 Let A, B be two diffused abelian von Neumann subalgebras of M.. Then, the 
matricial distance between A and B is defined as 

MatD(A, B) = inf {MatD(A, b)/\\b\\ 2 \ beB such that E A (b) = 0}. 

From Proposition 4.1, we can easily have 

Theorem 4.1 Let M. be a factor of type Suppose that a and b are two free semicircular 
elements of(0, 1) in M.. Then 

MatD(a,b) = I. 

Question: It is very interesting to consider the following question: Suppose 1Z is the hyperfinite 
Hi factor and A is a maximal abelian self-adjoint subalgebra of 1Z. Does there exist some xmlZ 
but not contained in A such that MatD(A, x) = 0? 

Remark: A positive answer to the preceding question, combining with Theorem 4.1, will imply 
Popa's result that any one of standard generator of free group factor L(F(n)) is not contained in 
any hyperfinite IIx subfactor of L(F(n)). 

Remark: The further computation of matricial distance between two free self-adjoint elements in 
a type IT factor will be carried out in our forthcoming paper. 
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